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Experiments are carried out on the interaction and coalescence of two, three and four bubbles 
with approximately the same sizes, distributed evenly and symmetrically. The bubbles are 
generated simultaneously by electric discharges, using an in-house designed series circuit, 
and their interaction is captured using a high-speed camera. Particular attentions are paid to 
if/when coalescence of bubbles happens, and the motion of the joined bubbles. Some new 
features are observed, which depend mainly on the dimensionless distance γbb = dbb/Rmax, 
where dbb is the inter-bubble distance and Rmax is the maximum bubble radius. For γbb > 2, a 
jet forms and penetrates each side bubble, directed to the center of the configuration, resulting 
in a protrusion. Towards the end of collapse, a large portion of bubble gases is compressed 
into the protrusion from the main part of the toroidal bubble. For γbb < 2, the bubbles coalesce 
during expansion, and the part of the joined bubble's surface distal from the center of the 
configuration collapses faster than elsewhere. The experiments show that the oscillation 
period of multi-bubbles does not change appreciably without coalescence but increases 
significantly with coalescence. For three bubbles initiated at collinear positions with γbb > 2, 
the jets that form from the side bubbles are towards the middle, and the middle bubble splits 
into two parts, moving towards the two side bubbles. For γbb < 2, the side bubbles merge with 
the middle bubble during expansion, forming an ellipsoid bubble; the joined bubble collapses 
predominantly from two sides, where two inward jets form towards the end of collapse.  
Key words: Bubble interaction; Bubble coalescence and split; Bubble jetting; Spark 
generated bubbles 
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1.  Introduction  
 Bubble dynamics is receiving increasing attention due to its wide range of 
applications. Single-bubble dynamics has been intensively investigated during the past 
century theoretically 1-8, experimentally 9-14, and numerically 15-20. The study on the 
interaction of multi-bubbles is much more challenging and associated with relatively few 
studies in the literature. In practice, however, bubbles tend to appear in clusters, clouds, 
filaments or groups, rather than in isolation
 
21-24
, and the interactions between bubbles are 
therefore inevitable. This is true to a wide range of bubble applications, which includes not 
only the classic areas such as cavitation erosion 25, 26 and noise in hydraulic machinery
 
27-29
, 
but also sonochemistry
 
30, 31
, sonoluminescence
 
30, 32
, ultrasonic cleaning
 
33-35
 and seismic air-
gun bubble arrays 36, 37, as well as medical applications including sonoporation 38, 39, 
ultrasound lithotripsy 40-42 and so on.  
 Experimental efforts have been made to study bubble interactions, using methods such 
as optical breakdown (laser) 43-47, electric discharge 48-50, small charge explosion 51, and 
pressure impulse 52. Bubble interaction has also been studied with numerical methods such as 
the boundary integral method coupled with fast multiple expansions 53-56. Recently, Han, et 
al.57 studied bubble pairs with laser bubbles and the volume of fluid method.  
 This paper aims to study the interaction and coalescence of synchronically oscillating 
bubbles based on the following three considerations. Firstly, synchronic bubble interaction is 
associated with an important application for the air-gun clusters, which are used to generate a 
sound sources in seismic surveys. To explore complex geologies, low frequency acoustic 
waves are desirable, since the damping of acoustic energy is proportional to the square of 
frequencies 58. In addition, low frequency acoustic waves usually are less harmful to marine 
mammals 59. One possible method to reduce the acoustic frequency is to use airgun clusters to 
cause synchronized individual bubbles to coalesce into a bigger bubble 60, 61, which has a 
longer period.  
Secondly, mutual interaction between bubbles tends to be stronger, if the bubbles have 
similar sizes and are evenly distributed; otherwise the interaction is dominated by larger 
bubbles and/or the relatively closer bubbles.  
Thirdly, interaction between in-phase bubbles was less studied in previous experiments 
because it is difficult to generate bubbles at the same time and with the same size. Numerical 
studies in the literature are mostly focused on two bubbles in an axisymmetric configuration 
3 
 
61 and simulations are carried out only till early stage of rebound. In both experiments and 
computations, behaviors of joined bubble formed by coalescence of multiple bubbles, such as 
collapse, rebound, split, jetting, and oscillation period of the joined bubble, were less 
concerned in previous works. Studies in these aspects are the aim of this paper. 
  In the present experimental study, a series circuit was employed in generating multiple 
bubbles with electric discharge. It ensures that approximately the same amount of energy is 
distributed to each bubble at the same time during the discharge; therefore the bubbles are 
generated simultaneously and oscillate synchronically to approximately the same maximum 
size. We carry out the following developments for two, three and four synchronized bubbles, 
focusing on coalescence of bubbles and the behaviors of the joined bubbles, as versus to the 
previous studies. 
 For two-bubble interaction, in-phase bubbles are known to migrate and jet towards 
each other 43, 44, 47, 50; when out-of-phase, the bubble behaviors are more complex; jet 
direction changes and the bubbles may split 43, 44, 47-49, 62, 63. Coalescence occurs if two 
bubbles are very close to each other 51, 63-65. In this study, some new features in the interaction 
of two bubbles are observed with relatively small distance. In particular, we observed that a 
large portion of bubble gas contents may be compressed into a protrusion attached to the 
bubble, which is formed after jet penetration. 
 There are few studies in the literature for interaction of three bubbles. Khoo et al. 48 
and Fong et al. 49 carried out a few cases for three bubbles, where the bubble behavior was 
complicated, due to a number of factors such as bubble phases, sizes and positions. The 
current experiment is capable of generating three evenly distributed synchronized bubbles of 
the same size. Thus, the mutual interaction will be stronger, and with the inter-bubble 
distance being the only parameter, bubble interaction patterns are categorized.  
 As for four or more interacting bubbles, bubbles placed at outer positions in a 
configuration were observed to migrate and collapse towards center bubbles when they are 
in-phase 45, 52, 66, while the bubbles were mostly shock wave induced and of relatively small 
scales in contrast to the current experiments. In this study, we will consider a new layout 
where four bubbles are located at the four vertexes of a virtual square with representative 
inter-bubble distances. 
 
2.  Experiment setup
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Figure 1. Experimental setup. Bubbles are generated at the connect points (crossed joints of 
thin copper alloy wires) with energy from the discharge of a capacitor. Bubble motions are 
captured with a high-speed camera working at 20,000 FPS. The water tank is lit up by 
continuous light through a diffuser. 
 The bubbles are incepted and expands due to the heating at the connect points during 
the discharge, with a bright light spot appearing at each connect point that are captured by the 
camera. In the multi-bubble experiments of Fong, et al. 49 and Khoo, et al. 48, the connect 
points of electrodes were embedded in parallel in the circuit. This made the heating at 
different inception points independent and ceasing at slightly different times; thus the bubble 
size and phase varied. In the present experiment, the connect points are deployed into a series 
circuit. Results show that the series circuit ensures firstly all light spots appear in the same 
image frame and thus the difference between the inception times for different bubbles is less 
than 50µs (i.e. the interval between two frames), and secondly all  heating processes at 
different connect points cease at the same time and thus the expanding of all bubbles ends 
almost simultaneously. These characteristics make the bubbles in-phase and well 
synchronized.   
 The length scale is chosen as the maximum equivalent bubble radius Rmax, and the time 
scale is the period T of the first cycle of oscillation. Rmax is defined in terms of the area A of 
the 2D image of a bubble at its maximum expansion: Rmax = √A/π. In experiments with 
multiple bubbles, corresponding average values are used. 
 
3. Interaction of two synchronized bubbles 
 In the cases for two synchronized bubbles, we consider closer interactions as versus to 
previous studies 45, 48-50. The dimensionless inter-bubble distance, γbb, is defined as, 
                   
max
bb
bb = R
d
γ
                                                                 (1) 
where dbb is the distance between the bubble centers at inception. The dimensionless standoff 
distance of a bubble from a wall is   
max
bw
bw = R
d
γ
                                                                  (2) 
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where dbw is the distance between the bubble center at inception and the wall. Figure 2 shows 
side by side a two-bubble case at γbb = 2.6 (frames 1-10) and a comparative case for a single 
bubble near a wall at γbw = 1.3 (frames a-j). Bubble shapes are provided at approximately 
equal dimensionless times, t*, in terms of the first period of the corresponding bubble.  
In frames 1-10, the bubbles oscillate nearly spherically to the late stage of collapse 
(frames 1-5), when they move to the center of the configuration. This is due to the fact 
that the liquid flow to the inner side of each of the collapsing bubbles is retarded by the 
other collapsing bubble, and hence the distal sides of the two bubbles collapse faster. As 
a consequence of this motion, two jets form on the distal sides of the two bubbles’ surfaces 
and are directed towards the center of the configuration (frame 6).  
The development of the jets can also be explained in terms of the Kelvin impulse 
68, 69
. The virtual mass induced by the fluid flow around the bubble decreases gradually 
as the bubble shrinks in volume, while the Kelvin impulse approaches a constant value; 
therefore the velocity of the bubble wall distal from the center of configuration has to 
exceed that on the other side of the bubble wall. Consequently, the liquid on the far side 
of each bubble accelerate and focus, leading to the jet formation.  
The jets have already pierced through the bubbles, before the bubble shrinks to their 
minimum volumes, see frames 6-7. In the in-phase two-bubble experiments at γbb ≈ 3.0-5.0 45, 
48-50
, however, the bubble jets did not develop until the very end of collapse and were not 
identified until bubble rebounding. In our experiments the bubbles are in a closer interaction, 
the retardation effect of one bubble on the other bubble is stronger, and jets are formed 
earlier and clearly indicated on the images (for example by the protrusions on bubble surface 
towards the jet directions).  
 After impacting on the opposite bubble walls, the two jets push the bubble walls ahead, 
generating two protrusions moving towards each other (frames 7-8). The protrusion is not 
likely to be a jet or part of a jet, since a jet should be of round tip due to surface tension and 
viscous shear stress, but the protrusions are with flat front in the images. We suggest that the 
protrusion should be a part of the toroidal bubble, with a necking between it and the main 
part of the toroidal bubble, as illustrated in figure 3. The jet penetrates through both the 
bubble and the protrusion with a rounded tip ahead of the protrusion, while the tip is invisible 
in the images. The generation of the protrusion is explained as follows. After piercing 
through the bubble, the jet penetrates through the liquid on the opposite side of the 
bubble. Due to viscosity, i
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comparative case. The displacement is defined as the horizontal distance from the point 
considered to the initial bubble center. When the jet penetrates the bubble, the two points join 
and the curves cross each other, as shown in the figure. The displacement curves in the two 
cases agree well in general, despite a slight delay in the motion of RP of the bubble from the 
two-bubble case during the late collapse stages (i.e. during jet development). 
 The resemblance between the two cases is expected. The reason behind is that the 
Reynolds number for the cases considered is high, the viscous effects are thus small and the 
method of image stands. In fact, the Reynolds number for the cases can be estimated as 
O(103) using the maximum bubble radius (5-10mm) and jet speed (20-30 ms-1) as the 
character length and velocity.  
 
Figure 4. Dimensionless displacement-time curves for the leftmost point (LP) and rightmost 
point (RP) on bubbles’ boundary. A comparison is made between the curves for the bubble on 
the right in the two-bubble case and the bubble in the bubble-wall case. The displacement is 
the horizontal distance measured from a bubble’s initial centre to its LP or RP.  
The other case for two bubbles, for γbb = 0.8, is shown in figure 5 (frames 1-6). The 
two bubbles start coalescing during the early stage of expansion (frames 2-3). The collapse of 
the joined bubble occurs mainly from its two distal sides (frames 4-6). This is because the 
bubble surfaces at two sides are associated with smaller curvature radii, and should collapse 
faster according to a proportional relationship between radius and Rayleigh collapse time 62. 
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proportional to the bubble’s maximum radius 1, 70. The bubble oscillation period is largely 
related to its volume and not affected significantly by its shape 71. An empirical formula is 
thus provided for the oscillation period for n coalescing bubbles, based on the spherical 
bubble theory, as follows: 
( ) 3n* * *
1*
1cls cls
T
t t n
T
= + − ,                                                            (4) 
where tcls* is the dimensionless coalescence time, and T1* is the period for a single spherical 
bubble. We assume here that the bubbles have approximately the same sizes, collapse 
synchronically and coalesce at the same time.  
 The first oscillation period for the two coalescing bubbles in figure 5 ends at frame 5. 
The dimensionless period T2* in the experiment is 7.16, while the dimensionless period of a 
single bubble, T1*, is 5.95. An increase of 20% is found with the coalescence. In figure 5, the 
coalescence starts at approximately 26% of the first oscillation, i.e. tcls* = 0.26; hence by 
using (4), T2* is supposed to be about 19% larger than T1*. This estimation is close to the 
experimental result.   
 
4.  Interaction of three synchronized bubbles 
 In this section, we consider the interaction of three synchronized bubbles placed at 
collinear positions with equal inter-bubble distance. One of the interesting features noticed is 
the splitting of the bubble in the middle, which is observed in the case at γbb = 2.7, shown in 
figure 6. Since the phase difference is insignificant, the motion of the three-bubble 
configuration is symmetric. All the three bubbles oscillate approximately with a spherical 
shape to the middle stage of collapse. The two side bubbles are attracted by the middle 
bubble and moves towards it during collapse (frames 3-6). The far sides of the two side 
bubbles become flattened. In the meantime, the middle bubble is also attracted by the two 
side bubbles and thus becoming elongated (frames 3-6). 
 Afterwards, two jets form on the flattened far sides of the two side bubbles, directing 
to the middle bubble (frame 7). This is due to the fact that the liquid flow to the inner side 
of a side bubble is retarded by the middle collapsing bubble. The two jets develop rapidly, 
penetrate the two side bubbles and generate protrusions while the bubbles collapse (frames 7-
10).  
12 
 
 For the middle bubble, its two ends are attracted respectively by the two side bubbles. 
The middle cross-section of the middle bubble decreases obviously from frames 7 to 10, and 
a neck forms over there. This is because that the liquid flows to the two sides of the 
middle bubble are retarded by the two collapsing side bubbles, the middle bubble thus 
collapses faster around its middle part. A lower pressure zone is generated between each 
side bubble and the middle bubble due to the pulling of liquid by the two collapsing 
bubbles.  
 The middle bubble breaks up at its middle cross-section in frames 10-11, as a result of 
the above-mentioned motion. Each separated half of the middle bubble is attracted by and 
moves towards the corresponding side bubble (frames 11-13). This should be caused by the 
lower pressure zone between each side bubble and the middle bubble, as well as a high 
pressure zone at the middle cross-section of the middle bubble, where a ring jet impacts 
to itself (frame 11). At the same time, the main part of the toroidal side bubble 
undergoes a rapid shrink in volume in a way that ‘squeezes’ its contents into its 
protrusion, as observed in the two bubble case in figure 3. The protrusions then move 
towards the middle bubble due to inertia.  
 From frames 14 and onwards, the protrusion from the left bubble impacts and joins 
with the left half of the middle bubble, so does the protrusion from the right to the right half 
of the middle bubble. The two combinations start a second cycle of expansion and 
collapses, during which they are further attracted to each other and merge at the center of 
the configuration. In the meantime, the two side bubbles, which are toroidal and detached 
from the protrusions, move to the center too.  
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 In the comparative case shown along in frames a-d, a single bubble oscillates at the 
corner formed by two perpendicular plane walls. Here γbw is 1.54, approximately half of γbb. 
The motion of the bubble is very similar to the top-left bubble in the four-bubble case, 
especially when the bubble develops a re-entrant jet that penetrates it and causes a protrusion 
(frames c-d). As discussed in Section 3, this is because the viscosity effect is negligible due to 
the large Reynolds number associated. The two cases are equivalent based on the method of 
image.  
 Although the jet in the four bubble case is hardly visible, the jet in the 
comparative case shown in frame c is clear. The jet impinges on the opposite side of the 
bubble surface; a protrusion forms and the bubble becomes toroidal, as shown in frame 
d. As discussed in Section 3, the viscosity effects in these cases are negligible due to the 
large Reynolds number associated; therefore the four-bubble case and the comparative 
case are equivalent based on the method of image. The visualized jetting and other 
bubble behaviors in the comparative case can thus provide a relatively clear illustration 
of the motion of a bubble in the corresponding four-bubble system. The jetting should 
be pointing to the center of configuration for the case of four bubbles distributed evenly 
and symmetrically. This is confirmed by the comparative case. 
 Another case for a smaller inter–bubble distance, γbb = 0.96, is shown in figure 9, 
where the bubbles coalesce. The four bubbles expand to close contact in the middle stage of 
expansion (frame 2), and completely merge (frame 3) before reaching maximum volumes 
(frame 4). Interestingly, the joined bubble collapses predominantly at the parts that are further 
away from the center of configuration (see frames 3-5), where are associated with smaller 
curvature radii. Lauterborn 62 argued that the bubble of a non-spherical bubble surface 
associated with a smaller local curvature radius collapses faster, since the collapsing 
speed of a spherical bubble is inverse to its radius according to the spherical bubble 
theory. Finally the bubbles collapse to a minimum volume at the center. The behavior of 
each bubble is very similar to that of a single bubble near two perpendicular walls with γbw = 
γbb/2, as shown in the second row of figure 9 (the comparative case).  
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portion of bubble gases is compressed into the protrusion from the main part of the toroidal 
bubble, by the liquid flow following the migration and collapse of the bubble, and the main 
part of the toroidal bubble reduces in volume. 
 If γbb < 2, the bubbles coalesce during expansion. Then different parts on joined bubble 
surface collapse at different rates. The parts further from the center of the configuration 
collapse faster, and subsequently, jets form from there towards the center. The experiments 
show that the periods of oscillation of multiple bubbles do not change appreciably without 
coalescence but increase significantly with coalescence of bubbles. An empirical formula is 
provided for the oscillation period for n coalescing bubbles, based on the spherical bubble 
theory, which correlates with the experimental data. This demonstrates the mechanism of 
using airgun clusters to produce synchronized individual bubbles to coalesce into a bigger 
bubble, to generate a pressure wave at a large amplitude and a low frequency. 
 For the cases with three collinear bubbles, two patterns are displayed. If γbb > 2, the 
two side bubbles migrate and develop jets towards the middle bubble; the middle bubble 
becomes elongated due to the attraction from the two side bubbles and splits into two parts, 
which then join with the protrusions of the two side bubbles respectively. The two 
combinations are subsequently attracted to each other and merged at the center of the 
configuration. If γbb < 2, the three bubbles join.  The joined bubble is ellipsoidal at maximum 
expansion, and then collapses predominantly from two sides. Two jets develop from the two 
sides and moves towards the center of the joined bubble. The collapse pattern is likely to be 
caused by a gas flux from the two side bubbles into the middle bubble after they merged, 
since the two side bubbles collapse faster than the middle one and has larger pressure before 
joining.  
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